ABSTRACT An exoplanet's structure and composition are first-order controls of the planet's habitability. We explore which aspects of bulk terrestrial planet composition and interior structure affect the chief observables of an exoplanet: its mass and radius. We apply these perturbations to the Earth, the planet we know best. Using the mineral physics toolkit BurnMan to self-consistently calculate mass-radius models, we find that core radius, presence of light elements in the core and an upper-mantle consisting of low-pressure silicates have the largest effect on the final calculated mass at a given radius, none of which are included in current mass-radius models. We expand these results provide a self-consistent grid of compositionally as well as structurally constrained terrestrial mass-radius models for quantifying the likelihood of exoplanets being "Earth-like." We further apply this grid to Kepler-36b, finding that it is only ∼20% likely to be structurally similar to the Earth with Si/Fe = 0.9 compared to Earth's Si/Fe = 1 and Sun's Si/Fe = 1.19.
INTRODUCTION
For characterizing extrasolar planets, the current observational techniques offer only two parameters for constraining a planet's interior composition: its mass and radius. Of the ∼1600 confirmed planets discovered to date, 69% have both mass and radius measurements available from which mean density is calculated (Han et al. 2014 ). The mean density of a planet, in turn, is a function of its composition (Zapolsky & Salpeter 1969) . Models of varying proportion of metal, rock, water, and H 2 /He suggest the existence of planets potentially being terrestrial "super Earths," gaseous "mini Neptunes," water (vapor) planets, or gas giants dominated by H 2 and He. This compositional and mass diversity then provides us with a multifaceted dataset with which to examine the extent of interior planet compositions within our Galaxy.
The smallest planets are terrestrial, in which a transparent atmosphere accounts for a negligible fraction of the planetary mass. Studies examining the specific terrestrial systems Kepler-10b (Batalha et al. 2011) , CoRoT-7b (Queloz et al. 2009; Hatzes et al. 2011) , Kepler-36b (Carter et al. 2012) , as well as the more general case of interior composition's effect on observed mass and radius (Valencia et al. 2006 (Valencia et al. , 2007a Fortney et al. 2007; Sotin et al. 2007; Grasset et al. 2009; Seager et al. 2007; Wagner et al. 2011; Swift et al. 2012; Weiss & Marcy 2014; Lopez & Fortney 2014 ) all point to density degeneracy in interior composition and structure from only these observables, independent of the large uncertainties present in the observational measurement (Weiss & Marcy 2014) .
In part because of this degeneracy, most existing massradius models for terrestrial exoplanets (e.g. Seager et al. 2007; Zeng & Sasselov 2013 ) simplify the complex mineralogy and structure within terrestrial planets by adopting a layered model of a pure, solid Fe-core with a magnesium-silicate mantle, as these two factors dominate the average density of the planets. Dorn et al. (2015) expand this simple layered model by adopting stellar Fe, Mg and Si abundances as prox-* contact: unterborn.1@osu.edu ies for bulk planetary composition in order to further constrain aspects of interior structure, particularly the relative size of a planet's core and mantle. This assumption is well grounded for our Solar System, with both Earth and chondritic abundances being nearly identical to that of the Solar photosphere for these refractory, planet-building elements (McDonough 2003; Lodders 2003) .
As we seek to characterize "Earth-like" planets, then, it is reasonable to evaluate the degree to which these current models reproduce the Earth's structure in an appropriate manner so as to draw appropriate conclusions on its dynamic state and potential habitability. The Earth, has a complex internal structure, in which light elements, likely dominated by Si, make up between 5-10% of the core by weight (Fischer et al. 2015) , relatively dense Fe-oxides and Fe-silicates make up 10-12% of the mantle (Irifune & Isshiki 1998) , with a series of pressure-induced phase transitions in the mantle (Jeanloz & Thompson 1983) , and a melt-extracted, low density crust (Rudnick & Gao 2003) . All of these factors result from an early chemical differentiation processes likely occurring as well in any terrestrial exoplanet whose composition is dominated by iron and oxides, none of which are addressed currently in mass-radius models.
Simplified two-layer planet models with a core mass fraction identical to the Earth, over predict the Earth's total mass by ∼13% (Zeng & Sasselov 2013) . Applying such a simplified model to the Earth would therefore predict a smaller core. Such a difference will erroneously lead to a planet model with more rapid heat loss from the core, limiting the lifetime of a magnetic field and affecting the viability of plate tectonics at the surface assuming a heat budget equal to that of the Earth. These two dynamic processes are likely required to sustain liquid water and life on Earth (Foley 2015; Driscoll & Barnes 2015) . While still within the uncertainty of most planet mass measurements, as observational techniques improve, the consequences of these "spherical cow" models will become more and more evident.
Here, we present a systematic sensitivity analysis of how uncertainties in material properties, core composition, major element chemistry (Mg, Fe, Si, O) , and structural transitions in mantle silicates affect the mean density of an Earth-sized, terrestrial planet. In section 2 we describe the mass-radius model employing a self-consistent thermoelastic compression calculator, BurnMan (Cottaar et al. 2014) 2 . In section 3 we present the resulting density and variance in density resulting from changing these individual parameters. Finally in sections 4 and 5, we discuss the level of chemical and structural complexity necessary to consider within a planetary interior model to adequately infer the Earth's composition despite the degeneracy in the solution space of the forward model. We then apply these results to exoplanet Kepler-36b and provide predictions for the stellar composition its host star.
METHODS
Planetary mass-radius models are calculated by solving three coupled, differential equations for the mass within a sphere,
the equation of hydrostatic equilibrium,
and the equation of state,
where r is the radius, m(r) is the mass within a shell of radius r + dr, ρ is the density, P is the pressure, T is the temperature, and G is the gravitational constant. All calculations integrated from the planetary surface, at which P r=0 = 0, to the center. With central pressure treated as a free parameter, we are able to focus on the structural variability constrained by planetary radius measured from transits, in which the final mass is a model result of our choice of input parameters. This is in contrast to other mass-radius models which assume a central pressure and integrate upward to a pressure cutoff of
P=0.
In the high temperature limit, the thermal expansion coefficient at constant pressure, α, for mantle silicates is essentially constant. This coefficient is defined as:
where V is the planetary volume. Adopting a value α characteristic of silicate minerals (α ∼ 10 −6 ), we see that even for differences in temperature on the order ∂T ∼ 10 4 , the change in the planet's volume is only on the percent level (∂V ≈ 10 −2 * V ). We therefore adopt for these mass-radius calculations an isothermal EOS for all calculations (T = 300 K).
Equations 1-3 are solved using the open-source BurnMan code (Cottaar et al. 2014) adapted to include a Vinet and 4th-order Birch-Murnaghan EOS using thermoelastic data in Table 1. Few EOS parameters are measured at P-T conditions beyond the Earth's core-mantle boundary (Vočadlo 2007) . Geochemical models predict variations in the bulk mineralogy of the mantle and the abundance and identity of light elements in the core (McDonough 2003; Javoy et al. 2010) . Seismological models, backed by lab-based experiments, confirm multiple pressure-induced phase transitions in the silicate minerals of the mantle, most notably the transitions in the low pressure mantle silicates to periclase (MgO) + bridgmanite (MgSiO 3 ), with a net density increase of 14.8%. With these factors in mind, we address the consequences of uncertainties in both the equation of state of the constituent planetary minerals as well as those regarding the mineralogy and bulk composition as a function of depth within mass-radius calculations.
A further structural planetary constraint is the size of the core. For the Earth, the core mass and radius are not uncertain because of the availability of both seismic and moment of inertia data. However, no remote observation of an exoplanet can infer the core size directly, and we therefore address the consequence of core size as a free parameter.
RESULTS
First, we calculate the density structure of a planet with an entirely solid Fe-core and perovskite-structured magnesium silicate, "bridgmanite," mantle with a core radius equal to that of the Earth (1 CRE = 3480 km, Dziewonski & Anderson 1981) similar to the models of Seager et al. (2007) and Zeng & Sasselov (2013) . This model over-predicts the Earth's mass by ∼13% (Figure 1 ) in agreement with these models for similar input parameters. Furthermore, this model predicts an Earth with Si/Fe = 1.01, almost precisely the Earth value of 1.0 (McDonough 2003) . Within this two-layer, solid-Fe core model then, the overestimate in mass leads to the conclusion of the Earth's core being ∼20% smaller with Si/Fe = 2.25, greater than 200% of the Earth value. This choice of Fe EOS (Dewaele et al. 2006 , Table 1 ) is derived from quasi-hydrostatic, room temperature data measured to 200 GPa using a Vinet EOS. We prefer this EOS for solidFe rather than the EOS data of Anderson et al. (2001) used in both Seager et al. (2007) and Zeng & Sasselov (2013) , as the Anderson et al. (2001) data is based on compression data to 330 GPa without a pressure medium, which leads to significant non-hydrostatic stresses and underestimate of density at a given pressure. In either case, however, the compression behavior of iron remains uncertain in the strictest sense, and must be extrapolated to the P-T regime of Super-Earth's with caution. By both volume and mass, however, liquid-Fe is the dominant phase in the Earth's core. We therefore adopt as our reference model a planet with an entirely liquid Fe-core and bridgmanite mantle with a core radius equal to 1 CRE. While the density deficit between liquid and solid-Fe at these pressures is ∼0.4 g/cm 3 , or 3% (Dziewonski & Anderson 1981) , this drop does not account for the excess mass in the two-layer model ( Figure 1 , red line). Furthermore, even accounting for the presence of liquid-Fe, one would still underestimate the core's radius by ∼20% (Figure 2 ).
Iron Equations of State
The Earth's core makes up nearly 32% of its total mass (McDonough 2003) and spans a pressure range between 136 and 360 GPa (Dziewonski & Anderson 1981) . Our choice for Fe EOS (Table 1) is calculated along a isentrope centered at 1 bar and 1811 K (Anderson & Ahrens 1994) . In order to account for any possible error in our extrapolation to higher pressures then, we compare our reference model for a 1 Earthradius planet (1 R ⊕ ), with a 1 CRE sized liquid-Fe core, varying only the bulk modulus of Fe. We find that even with a 15% increase in iron's bulk modulus, this model still over predicts the Earth's true mass by 9% (Figure 3a) . Furthermore, we find only a ∼0.03 M ⊕ difference between our high and low bulk modulus models, such that uncertainties in iron compressibil- ity are a minor contributor to the overestimate of Earth mass in a simple two-layer model.
Light elements in the core
The Earth's core is less dense than that of pure Fe-alloy by between 5 and 10%, suggesting that the core contains some lighter elements (Birch 1952 (Birch , 1961 Jeanloz 1979) . This incorporation of light elements is a consequence of low-to moderate-pressure partitioning of chemical species between iron and silicates during the differentiation of the planets during the formation process. To first order, this density reduction does not significantly affect compressibility of Fe, but reduces the molar mass of the core itself (Poirier 1994 ). We therefore model the impact of light elements on planetary structure by scaling ρ 0 between 80 and 120% (Figure 3b ) of pure Fe. This affects not only the total planet's mass, but also affects the pressure gradient within both the core and mantle. In the 120% ρ 0 model, for example, the central pressure is more than double that observed in the Earth leading to a greater pressure at the base of the mantle, with addition mass excess contributed from the mantle due to compression. A planet of 1 M ⊕ and R ⊕ can be achieved with a 20% core density reduction. This model underestimates the mass of the core (Figure 3 ), but is compensated by the neglect of the phase transitions in mantle silicates, leading to serendipitous agreement. The silicate mineral brigmanite (perovskite-structured MgSiO 3 ) and periclase (MgO) account for ∼79% of the Earth mantle mass. Varying proportions of each mineral has the effect of varying the planet's Mg/Si ratio as well as the Si/Fe ratio from 1.03 to 0, in the absence of Si in the core. As both refractory elements, this ratio is likely similar to the stellar ratio (Lodders 2010) , and geochemical models predict between 80% (McDonough 2003) and ∼100% brigmanite (Javoy et al. 2010) , consistent with stellar Mg/Si∼1.02 (Lodders 2003) . We vary the proportion of each while constraining the core size to 1 CRE (Figure 4 ) effectively varying the planetary Mg/Si ratio. Increasing the fraction of periclase within our model decreases total mass a small amount while decreasing Mg/Si. Even in the model with a 100% MgO mantle, the simple two-layer model reduces planetary mass to 1.02 M ⊕ .
FeO in the mantle
The Earth contains 4.2% by weight and ∼5.4% by mol Fe in its mantle (McDonough 2003) , a consequence of chemical partitioning of iron between silicate and metal in the planetary differentiation process. Fe is distributed between brigmanite and periclase as FeSiO 3 and FeO, respectively. Increasing the iron content of the mantle has negligible effect on compressibility of either mineral, however increases their densities due to the higher molecular weight compared to the magnesium end-members ( Figure 5 ). We find that the small amount of Fe present in the Earth's mantle only accounts for a 2-3% increase in mass relative to a pure-Mg mantle, and is thus a small factor in a planet's total mass compared to the other factors explored here.
Upper Mantle
The Earth's mantle, however, is not entirely composed of the lower-mantle minerals considered here. Instead, at < 660 km depth or P < 25 GPa, the lower mantle minerals are unstable, with olivine (Mg 2 SiO 4 ) and pyroxenes (MgSiO 3 ) dominating. Upper-mantle phase transitions have a net density decrease of 14.8%, while the compression due to pressure is only 8%. Therefore phase transitions have nearly twice the impact on density as compression near the surface. The Earth's upper mantle makes up ∼17% of its total mass, however, this mass fraction is proportionally less important for larger planets where the 25 GPa phase boundary is relatively shallower. For Earth-sized or smaller planets then, this density drop causes a non-trivial reduction in the total mass of the modeled planet and is currently not included in any of the available mass-radius models. Case in point, models of Mars interior structure place the core mantle boundary very near 25 GPa, such that nearly the entire mantle is composed of lowpressure minerals. To model the presence of an upper mantle then, we adopt the EOS of a mixture of pyroxene and olivine for depths where the pressure is less than 25 GPa. For consistency, the exact proportion of olivine to pyroxene is determined by adopting the Mg/Si of the lower mantle. Thus, for a lower mantle containing 67% brigmanite and 33% periclase (Mg/Si = 1.5), the upper mantle would contain 50% olivine and 50% pyroxene. We find in the 1 CRE, 100% brigmanite model, the total mass decreases from 1.10 M ⊕ in the two-layer model to 1.04 M ⊕ in the 3 layer model. This 6% drop is applicable to all previous models when an upper mantle is included.
DISCUSSION
Of the parameters modeled here, we find core size, the density reduction due to the inclusion of an upper mantle and the presence of light elements in the core have the largest effects on the final mass of an Earth radius planet. Errors in Fe's bulk modulus, mantle composition, and mineralogy are secondary. There is degeneracy still present in our solutions however, with multiple model parameters and combination of model parameters producing planets of similar mass. As noted in Dorn et al. (2015) , stellar host abundances of the main rock forming elements Mg, Si and Fe provide compositional constraints if assumed as proxies for planetary composition. This assumption stems from Solar abundances for these elements being within 5-10% to those of a chondritic Earth (Lodders 2010; McDonough 2003) . From stoichiometry and assuming these planets have a similar oxidation state to the Sun/Earth ) as well as a fully differentiated planet, the ratios Si/Fe and Mg/Si provide sufficient constraints on the mass ratio of mantle to core and relative proportions of brigmanite and periclase. As the ratio of mantle to core dominates our determination of mass within mass-radius models, we adopt Si/Fe as a primary compositional constraint on planetary structure. We determine this ratio stoichiometrically by dividing the mass of the mantle or core by the molar mass of the constituent minerals/metals. As the density of the core decreases relative to pure-Fe, its molar mass decreases as well. The exact mass therefore depends on the molar mass of the light element partitioning into the core, with lighter elements (e.g. C, O) requiring incorporation of fewer moles and relatively higher mass elements (Si, S) requiring more in order to account for a given density deficit. We adopt the experimentally constrained core composition containing 8.5 wt% Si and 1.6 wt% O as a baseline core composition ( Figure 6 , red line, Fischer et al. 2015) . Assuming no volume of solution, this composition results in a density deficit of ∼11%. For a 1 R ⊕ planet, we find that core density shifts the calculated mass with relatively small changes in Si/Fe. In contrast, the molar ratio of mantle minerals oppositely has only a small effect on total mass accompanying large shifts in Si/Fe (Figure 6 ). In this parameter space only three parameters produce a planetary model which reproduces both the Earth's mass and Si/Fe: core radius, core density and Mg/Si of the mantle. Assuming a 1 CRE, two-layer planet model, no individual solution or combination of solutions reproduces both the Earth's mass and the Solar Si/Fe (Figure 6 ). Including an upper mantle in our model, a planet of a core density deficit of ∼6% and mantle Mg/Si ∼1.25 reproduces the Earth's composition and structure (Figure 7 ). Such a model predicts a bulk composition of Mg/Fe and Si/Fe consistent with geochemical constraints, but depleted in Mg and Si relative to iron. We likewise reproduce the mass and radius of Venus if a slightly higher mantle Mg/Si of 1.35 is adopted (Table 2 ). This is consistent with the slightly higher condensation temperature of olivine (Mg/Si = 2) versus pyroxene (Mg/Si = 1) (Grossman 1972) .
In this simple, "spherical cow," approach to modeling of an Earth sized planet interior, we find that there are three major parameters required to account for measured density and composition: the presence of light elements in the core, the radius of the core, and the inclusion of an upper mantle. Each of the other parameters modeled here contributes less than half with regards to density or composition.
Application to Exoplanets
Of our sensitivity study on the factors required to reproduce the Earth, the dominant factors of core fraction, light elements in the core, and consideration of upper mantle mineral phase transitions are independent of the details of terrestrial planet formation and chemistry. Therefore, we recommend that when modeling terrestrial exoplanets, models in- Figure 7 . Effect on composition and mass due to variation in mantle mineralogy, core size and core density deficit for a three-layer Earth-size planet (Fe-core + mantle + upper mantle). Changes in mantle Mg/Si are show in blue. Variation in Si/Fe due to changes in the light element composition of the core is shown as dashed black lines, assuming only one element being responsible for the density deficit. Our proposed core light element composition of 8.5 wt% Si and 1.6 wt% O is shown in red. Si/Fe values for the Sun (Lodders 2003 ) is included for reference.This figure is on the same scale as Figure 6 for comparison.
corporate a 6% density reduction of core materials due to incorporation of 8.5 wt% Si and 1.6 wt% O, and include the contribution to radius from the more low density upper mantle minerals. While this model inherently assumes that the mineralogies and core-compositions are inherently similar to Earth's, within this "spherical cow" model it allows us to compare apples-to-apples across different planetary systems and quantify how well these planets can be fit to a "Earth-like" model. Applying this method to other exoplanets is key to accurate description of the planet and determining their likelihood to be "Earth-like." At 4.45
−0.27 M ⊕ and 1.486±0.035 R ⊕ (Carter et al. 2012) , Kepler-36b is an ideal candidate for this analysis. Its mean density is 7.46 +0.74 −0.59 g/cm 3 and is therefore likely a terrestrial "super Earth" and its uncertainty in density (8%) is among the smallest of this population of terrestrial planets. In the absence of stellar compositional constraints, we calculate a 3-layer model and determine the core radius that reproduces the mass of the planet with both a pureFe core or with a 6% core density deficit due to light elements (Table 2) . Each aspect, in creating a more realistic planet, increases the core mass and radius of Kepler-36b, with a preferred model whose core has a radius and mass of 56.7% and 39.8% of the planet, respectively, compared to 54.7% and 32.3%, respectively, for the Earth.
This proposed planetary structure has a Si/Fe ratio of 0.9, 10% and 25% smaller than the Earth and Sun respectively, consistent with Kepler-36's metallicity of [Fe/H] = -0.20±0.06 (Adibekyan et al. 2012) . To date, though, the Si abundance of Kepler-36 has not been measured. Thus, in order to be consistent with our predicted composition based on mean density alone The chief difference between the Earth and the other terrestrial planets in our Solar system is that the Earth is a habitable, dynamic planet, with plate tectonics creating a deep water and carbon cycle. These cycles regulate surface C abundances (Sleep & Zahnle 2001) , and thus long-term climate, as well as providing a flux of water into the surface hydrosphere, all of which are vital to Earth being habitable. The driving force behind plate tectonics is the convection of the mantle. The fact that the Earth transports its interior heat via convection is due to a confluence of many factors, including composition, internal budget energy and planetary structure.
While our model currently does not inform us regarding internal heat budget, it does provide constraints on both composition and structure, particularly the relative size of the convecting mantle, for an exoplanet of a given radius. To first order, the vigor of convection as determined by the system's Rayleigh number scales as the thickness of the convecting layer to the third power, with larger relative mantles convecting more vigorously than smaller ones of the same composition and interior heat budget (Schubert 1979; Schubert et al. 1980) . Planetary systems that are likely to have greater terrestrial heat budgets have been observed such that even with with a relatively smaller mantle, these planets may still convect (Unterborn et al. 2015) . In the absence of spectroscopic measurements of heat producing elements Th, U, and 40 K, however, this model provides first-order comparisons on the likelihood of mantle convection across planetary systems.
With this in mind, we will restrict our definition of "Earthlike," to those planets which are dynamically similar to the Earth, and thus have similar mantle fractions. Figure 8 shows contours of constant mass and mantle radius fraction (MRF = (R -Core Radius)/R) with respect to two observables: planetary radius and stellar [Si/Fe] . Contours were calculated using our three-layer model adopting a three-layer planetary model with an Fe-core with 6% density deficit due to light element References.
§ Calculated using our model assuming 0.94ρ Fe core due to the incorporation of a molar ratio of 8.5 wt% Si and 1.6 wt% O (Si/O∼3) with brigmanite/periclase lower mantle and pyroxene/forsterite upper mantle (Mg/Si = 1.25) incorporation adopting the molar ratio of 8.5 wt% Si and 1.6 wt% O (Si/O∼3), brigmanite and periclase lower-mantle and pyroxene and forsterite upper-mantle (Mg/Si = 1.25). Postperovskite is the stable form of MgSiO 3 above 125 GPa and thus likely the dominant silicate phase in those planets with masses greater than the Earth. The density difference between brigmanite and post-perovskite, however, is less than 1.2% (Iitaka et al. 2004) , and therefore including this transition in bridgmanite makes a minor difference compared to any of the primary factors we identify here. For the Earth (Si/Fe = 1), our model predicts a MRF = 0.43, whereas a planet of Solar composition (Si/Fe = 1.19) our model predicts a MRF = 0.46. Each of these values are very similar the actual value for the Earth of MRF = 0.45 (Dziewonski & Anderson 1981) . We adopt then, these MRF values as bounds for defining an "Earth-like" planet given this "spherical cow" approach. From this then, assuming a normal distribution in uncertainty, our model predicts Kepler-36b is only ∼20% likely to be "Earth-like" in its structure and bulk composition given only its mass and radius.
CONCLUSION
While many calculated mass models presented here are well within the observational uncertainty of most terrestrial exoplanets, given longer time-series measurements these error bars will improve allowing us to more finely infer their interior structure. However, as we seek to discover "Earth-like" planets given this improved data, we must understand which aspects of a planet's composition and structure best constrain its mass-radius relationship. We find that small changes in the core size and composition, as well as the inclusion of an upper-mantle in mass-radius models have significant effects on the computed average density of a terrestrial planet. While degeneracy in determining the composition and interior structure still exists, the positive solution space is significantly reduced when compositional constraints are added when adopting the stellar, refractory element abundances as proxies for planetary composition, particularly Si/Fe. As we expand our definition of "Earth-like" beyond one merely of composition towards one based more on chemical and dynamic state, we can begin to limit which of these composition/structure solutions produce planets dynamically unlike Earth, i.e. lacking mantle convection and the potential for plate tectonics (Unterborn et al. , 2015 . Further degeneracy can be reduced by eliminating those core compositions that exceed the amount of light elements soluble in Fe, a topic of great interest in the mineral physics community. It is only with this solid foundation of understanding Earth that we can truly begin to extrapolate to higher mass-radius planets to determine their likelihood for being "Earth-like." 
